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EPFL The electron wave - waw= /fwwu el
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* De Broglie relations: A=— E . =h = 1.1
/A’ J J&l% M7 P 7’61 wA ( LV)( )
SRt () T _\
L\“. F(Q?”C,L- 4 Co‘-\f{'mﬂ/— (‘:"'Q?J U'p e AT DY
F . w pmenat v
« Momentum given by p=my where m= ™o - y"k (1.2)
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* Relativistic total energy of electron: W =mc’ =E, +m,c’ (1.3)
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=P~L The electron wave: A

« Electron accelerated by potential difference (high tension) E,: EL_:L - < E,
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=Pr-L The free electron: v

- _ 2 <
* Find speed of electron: b LQL«L; Q 1:—, — et - C
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=Pr-L Plane wave: wave function
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« Wave function of type: l//(f,t)=t/loeXp(2ﬂikf'{iwtr (1.6)
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cPr~L Plane wave: Schrodinger equation
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 Schrodinger equation: Hy (F,t)=i awgr 1) (1.8)

#ma., /6a 2 l—q@jj 77‘2(-0}0, E

A
« Energy of electron eigenstate Eg,: :‘: (P (f/ P) — 7-'1_e,’ (p(i, 'L)

((/ — (‘H, Q)7C'z77‘; Z.ch\:F) =2 ﬁ‘w((/(;kfc- EQ‘, gb f?/(/>
= ’E-a:j :-(t)CJ Deﬁ K:?

r EPFL-IPHYS-LSME. Electron-matter interactions: Elastic scattering (l) /



cPiL Plane wave: Schrodinger eq. for free e-

~2

* Hamiltonian: H_p—+V(r t) (1.9)
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 Momentum operator: p=—ihV V Ka/(ac CA (1.10)
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cPiL Plane wave: Schrodinger eq. for free e-

h*k*
 Energy of electron: E, =ho Eue = (1.11)
m

- From now on use a time independentwave — (ins  avarient < 32?& ",

function for the electron plane wave: AN
= LP: LPoQ}f(z((\l ;‘5)
Schrédinger equation simplifies to: L v Y2 . O A
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« Solutions: y = exp(27ik F) and y = exp(-27ik F) (1.13)
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=PL e~ in uniform potential field

-
e Suppose electron travels in uniform potential field: %/
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e Schrédinger equation becomes:
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=PL e~ in uniform potential field

h2

e Schroédinger eq.: Y=
T'm

Viy (F)+Vy (F)=E,p(F) (1.14)
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=PL e~ in uniform potential field

« For uniform potential ¢, derive refractive index n: —

=
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=Pr~L TEM imaging of individual atoms
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*

Cs-corrected canning TEM (STEM) time sequence of Er
atoms in carbon nanotube “pea pods”

O.L. Krivanek et al. Ultramicroscopy 110 (2010) 935-945
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=P~L Schrodinger eq. for atomic potential ¢(r)
e Aim: study scattering of plane wave by single 2 ~\
/

atomic potential described by function ¢(F): (o 5\
( ( L_’ , /\ /[
e
. . h -
* Rewrite equation 1.14:  ———V?y/(F)+Vy(F)=E
87T m

_\ 87 me _
vy (F)+ L+ g(7) () =0
* Substitute in: k* = )32 = 2meE°
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=P~L Schrodinger eq. for atomic potential ¢(r)

« Equation: Vzl//(f‘)+47t2|:k2+U(f’):|l//(f)=0 (P ) (1.18)
: o ) VL M~ i
has integral form ) ) exp{2miklF—Fl} e Ao,
(see Mott and Massey): l//(l‘)=l//0(1')+ﬂj -] U(F )y (r’)dr (1.19)
e Scattering geometry:
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cPrL Schrc")dinger eq. for atomic potential A7)

. For +ﬂjexp{2ﬂzk|r r|} 1//[(

Solution given by Born series: y/(F)=) v, (F)

First Born approximation: assume that y(F) in integral can be replaced b@
¢ N
le'm ooy ehic S

I-Q, 5[‘4](-2_ SC“MQF:% -
. For plane incident wave y, (F)=exp{2rik, - F} this gives:
exp{27ik|F - F |}

((/(‘; - Wo +l//1( exp{ZﬂiE -P}+7rj |1' | ’)exp{zml}o.f'}dl—.f (1.20)
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cPrL Scattering from atomic potential ¢(r)
Weed o Eraak- jexp{z’“"“ gy U(F)exp{2nik, F'}dr’

F -7

e Assume pomt/of observation for r whlch is very large compared to scattering field
l r—rl 2 v

prl k(e (D% 8 he (128

~ Lr—(k) = br-tos
e Scattering VeCtO“q:i Er Sa[’) [lﬂﬂ (L/ A>AKJ{
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e Then:

F')exp{—2ziq-F'}dr’

W, (F)+v,(F) = exp{2mik, - F}+ 12 {i’“’“} [u(#
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(1.21)
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cPrL Scattering from atomic potential ¢(r)

2rme exp{2mikr}

 Scattered wave: v, (F)= _[(p(f’)exp{—zﬂiq-f’}df’

h’ r
= A(bw,:g /at;v;/?.a/ 5c~4x{g,g < D??le/;(ﬂ/( v AP
 Define scattering amplitude f(q) such that: y,(F)= eXp{znlkr}f(q)
r
2 K o e
* Therefore: flg)= ZTejq)(i')exp{—zmq-r}dr
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CPFL Mott formula derivation Chazg deacily

4 of abnac o
* Introduce Poisson’s equation: Vig(r =—47T€[P ~ P (1‘)] (1.26)
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e First rewrite f(q): S
/ ()66 : V ,Qxf f ng J - "'44 Q?Zﬂff-z.u( J
S (8)= 555 o(e)V* exp{-2riq- rhar (1.27)
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e Integrating by parts gives: )= 27rh2 . sz r)exp|—27iq-Fdr (1.28)
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A
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=Pr-L Mott formula

* |n Sl units:

Duncan

* Find:

Alexander EPFL-IPHYS-LSME. Electron

e Scattering amplitude:

L L ()=
« Or for Bohr radius a,:

-matter interac

e Charge density of nucleus:
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cPi-L Scattering geometry

- 5‘ ﬂs—
* Assume scattering by an angle 26 ’z’ = ,@_4
Lh 9
— = p ‘Z ‘ &
B > i /jl’v

* Therefore atomic scattering amplitude:

L(b) = Zwl. s L2 Y (6)]
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cPir-L Scattered intensity

| 2

« Scattered intensity at unit distance: 1(0)=|£(0)
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. For large scattering angles: f.(§)—0 hence 1(9)9%/2=|f(9)|z%/2: }:’Zqi z (1.35)
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=PiL Relative scattering strength
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* Applying “bandwidth” nature of
Fourier transform:
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Figure 4. The first Born approximation scattering amplitude, fB(K’), as a function of 6
for 100 keV electrons incident upon single atoms of gold

ction o
atoms of gold and copper. The plots
have been made using the relativistic Hartree~Fock scattering amplitudes of Doyle
! 2- A S and Turner (1968).
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cP-L Summary

Introduction to e- scattering

e Free e- « Uniform potential
Vi (F)+4n°k*y (F)=0
) %j
= exp(27ik F =2
W exp( irz r) ( E,
#-1
L
2 L% 2me| o)
>y

h
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e Scattering by atomic potential
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