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The electron wave
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• De Broglie relations: ! = h
p

• Momentum given by: p = mv where m = m0

1! v2 c2( )12

• Relativistic total energy of electron: W = mc2 = Ekin +m0c
2

Eel = !! (1.1)

(1.2)

(1.3)

- wave /particle duality
* En

1 : wavelength
Enzy ofE

s

4 : Planch's constant

p :
Momentum

= Um
-

E
v : speed of Loren t
m : relativistic mass e factor

Mo : rec mass of e

&

L- Einstein
eg . /

I

2Kindi energy of
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The electron wave: !
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• Find relativistic wavelength:

! = h

2m0eE0 1+
eE0
2m0c

2

!
"#

$
%&

'

(
)

*

+
,

1
2

• Electron accelerated by potential difference (high tension) :E0

(1.4)

Ekin = e Es
Eo in LU [EELH : Eo in her]

W2 = (eEo + Moc2)"= mi c => m2
2
= (moc + e)

Also:mare=much nothi(mostly-mint
And : m = p2 = (b) = quate-

HTCkV) X(pm)
80 4 . 18
100 3 .70

-
200 2 .51

E Relativistic 300 1 . 97
correctio
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The free electron: v
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• Find speed of electron:

v = c 1! 1

1+ eE0
m0c

2

!
"#

$
%&

2 (1.5)

2
Fan beloe : eE= mc-Mo

ad : m = Umo =

zi e

-Marbr:HT(kV) V

mo C

- 80 0 .50c

↳ 100 055a

200 0 -70c

300 0 .78
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Plane wave: wave function
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! !r ,t( ) =! 0 exp 2" i
!
k .!r ! i#t( )• Wave function of type:

where:
!
k = 1

!

(1.6)

(1.7)

Express eware as a wave function
~ time

1412 : probability of ↑ ↑
position vector

finding e in Normalizable

a unit volum pre-factor
Greater energy A

E : wave vector
=> (214

1
Es

Deline It) ar for crystallography
->

- Ik arallel to diection 1O of propagation
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Plane wave: Schrödinger equation
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Ĥ! !r ,t( ) = i! !!
!r ,t( )

!t
• Schrödinger equation:

• Energy of electron eigenstate :Eeig

(1.8)

Solve scalling problem by finding solutions to Schr.eg.

zin
Hamiltonian Energy operator E

EPCE,H = Enig P(F ,#

4 = 4. exp
(2+i Eric -i cot) - 5 c4)

,
t = Exis P(E,H)

=> Ex
ig = ha de Brolie

of
relation
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Plane wave: Schrödinger eq. for free e–
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Ĥ = p̂2

2m
+V !r ,t( )• Hamiltonian: 

• Momentum operator:  p̂ = !i!"

• Solve considering :  V !r ,t( ) = 0

(1.9)

(1.10)

-
- ~ Potential

energyVinetic
energy
: Laplacian

Free e in vacuum

Y : Top
-

44(i
, +) = -1 2

P(,) = Enig P(E, t)
za

=> -h .

- 4+ 44(2
,+) =EeigPles]= Eig =L

*

k= nee2m
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Plane wave: Schrödinger eq. for free e–
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Eeig =
h2k2

2m
• Energy of electron: Eeig = !!

• From now on use a time independent wave 
function for the electron plane wave:

! = exp 2" i
!
k .!r( ) and

• Schrödinger equation simplifies to:

• Solutions:

!2! !r( )+ 4! 2k2! !r( ) = 0

! = exp !2" i
!
k .!r( )

(1.11)

(1.12)

(1.13)

- time invariant system
=> Y = Poexp(i h.

-I /--

- 4 (i) = Ec; NEE) =LPE,
4? Zu

C
Choose 40 = 1

-

Choose for i wave travelling in direction -
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e– in uniform potential field
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• Suppose electron travels in uniform potential field:

• Schrödinger equation becomes:
U (I) = V - potential energy & Medium

- +20- 4(2) + V4(c) = En; 4(2)
~

-

zm

= -044(f)+= Ea,4)

Effect of unitom potention ?
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e– in uniform potential field
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! h2

8! 2m
"2! !r( )+V! !r( ) = Eeig! !r( )• Schrödinger eq.:

• For uniform potential :!0

(1.14)

potential energy V = - ed
.

From before : Eig = eEs

Therefore 424(5) + e[Eo + 40 4(8) = O
L

For 4 : explicit.) : -4th+me [Eo + 4.] = O

=> ↳ =

Ze[Eo-OS
num
E Effect of potential %:

↑ kY = Ad
-

e wave travel laster
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e– in uniform potential field
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• For uniform potential  derive refractive index :!0 n

n = 1+ !0
E0

!
"#

$
%&

• Typical  10–20 V:!0 !

(1.15)

-

--°-

--

-⑦°

--

--

---

MelaSay n = Vol p = mr :ht rit the
e
-- in

&
-

--

--

Vo ---

--

--

Dephase-ko = (to+ do n -m

-

I---

28 Phase differenc
between wave besuelling
in vacuum and

-
passing through mediumAverag· chaye func : -

screened by atomic a d

=> 11 + Exf Holo with Th
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TEM imaging of individual atoms
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Cs-corrected canning TEM (STEM) time sequence of Er 
atoms in carbon nanotube “pea pods” 

O.L. Krivanek et al. Ultramicroscopy 110 (2010) 935–945

Cs-corrected high resolution TEM of single Fe atoms at 
edge of graphene monolayer

J. Zhao et al. Science 343 (2014) 1228–1232

Mearue scaltering by a ringle atom

O

O

o

Graba Lon
O
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Schrödinger eq. for atomic potential !(!r)
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!2! !r( )+ 8!
2me
h2

E0 +!
!r( )"# $%!

!r( ) = 0

• Rewrite equation 1.14:

• Substitute in: k2 = 1
! 2 =

2meE0
h2

U !r( ) = 2me
h2

! !r( )

• Aim: study scattering of plane wave by single 
atomic potential described by function :! !r( )

! h2

8! 2m
"2! !r( )+V! !r( ) = Eeig! !r( )

(1.16)

(1.17)

T↓
=

↳
&
Now V = -e 6 (f)

&
Effective

potential

=> 04 4(2) + 442th2 +U(i]4(e) =0
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Schrödinger eq. for atomic potential !(!r)
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! !r( ) =! 0
!r( )+" exp 2" ik !r ! "!r{ }

!r ! "!r# U "!r( )! "!r( )d "!r

• Equation: !2! !r( )+ 4! 2 k2 +U !r( )"# $%!
!r( ) = 0

has integral form 
(see Mott and Massey): 

(1.18)

(1.19)

• Scattering geometry: 

Poli) : incident
wave function

-:
f ·

=>een"

F

·

est

E-ray path 4 IfPiranet if:aleeleWave

E' : relative position o
scattering obs I Pi point of /to ray P att observation
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Schrödinger eq. for atomic potential !(!r)
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! !r( ) =! 0
!r( )+" exp 2" ik !r ! "!r{ }

!r ! "!r# U "!r( )! "!r( )d "!r

• Solution given by Born series: ! !r( ) = ! n
!r( )

n=0

!"

• First Born approximation: assume that in integral can be replaced by ! !r( ) ! 0
!r( )

• For: 

• For plane incident wave  this gives:! 0
!r( ) = exp 2" i !k0 ! !r{ }

! 0
!r( )+! 1

!r( ) = exp 2" i !k0 ! !r{ }+" exp 2" ik !r " #!r{ }
!r " #!r$ U !!r( )exp 2! i !k0 ! "!r{ }d !!r (1.20)

To
i.e. single Scatteri - "Kinematical"

49
-> arruming scatteri it very weakmy

P(I)=
Tcaltered*Wave
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Scattering from atomic potential !(!r)
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• Assume point of observation for  which is very large compared to scattering field!r

• Scattering vector: !q = !
!
k !

!
k0

• Then: 

! 0
!r( )+! 1

!r( ) = exp 2" i !k0 ! !r{ }+" exp 2" ikr{ }
r

U !!r( )exp !2! i !q ! "!r{ }d !!r! (1.22)

(1.21)

exp 2! ik !r ! "!r{ }
!r ! "!r# U !!r( )exp 2! i !k0 ! "!r{ }d !!r

-

Need to treat :

1- /kr

↳-El = k(r - 2_ in hr(l-Z] offer
p
2

~ ku- (ke . = hr-hr T
-> nike)(k(i) exp [- 2+i (l- k). 'Ja?-

I
q

P(i) =
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Scattering from atomic potential !(!r)
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• Scattered wave: 

exp 2! ikr{ }
r

• Define scattering amplitude  such that:f ( !q)

! 1
!r( ) = 2"me

h2
! !!r( )exp !2" i !q ! "!r{ }d !!r!exp 2! ikr{ }

r

! 1
!r( ) =

f !q( ) = 2!me
h2

! !r( )exp !2" i !q " !r{ }d !r
!#

#

$• Therefore: 

f !q( )

(1.25)

(1.23)

(1.24)

=> Atomic potential scatter a spherical wave

m

FT of d(r)
- sometim referred to as

"atomic scatteringSector"
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Mott formula derivation
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• Introduce Poisson’s equation: !2! !r( ) = "4!e !n
!r( )" !e

!r( )#$ %&

! !r( )
!"

"

# $2 exp !2" i !q ! !r{ }d !r

• Integrating by parts gives:

• First rewrite :f ( !q)

• Substitute in :!2! !r( )

f !q( ) = ! me
2!h2q2

!2! !r( )exp "2! i !q # !r{ }
"$

$

% d !rf !q( ) = ! me
2!h2q2

(1.28)

(1.26)

(1.27)

Chaga devity
- o atomic e
-

-
&

Charge density ofnucleus
". = ]Use : Pexp[hig = - 4π2g-Zi

Edited
2(g) = mez(opz(i) - Pali)dexp Elige
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Mott formula
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• In SI units:

• Or for Bohr radius :a0

• Charge density of nucleus: !n
!r( ) = Z" !r( )

• Find: f !q( ) = 2me
2

h2q2
Z ! fx

!q( )!" #$

f !q( ) = 1
2! 2a0q

2 Z ! fx
!q( )!" #$

!n
!r( )! !e

!r( )!" #$exp !2" i !q ! !r{ }
!"

"

# d !rf !q( ) = 2me
2

h2q2
• Scattering amplitude:  

(1.31)

(1.29)

(1.30)

(1.32)

G(I) : delta functio
Z : atomic number

* Ganorian
unib

t
x [q): ET Catomic e denrity)
- i . e. X-ray scatterinfactor-scattering

by docloud held of ate

28(8)= -

(z - k(j)]
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Scattering geometry
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• Assume scattering by an angle 2!

• Therefore atomic scattering amplitude:

f !( ) = me2

2h2
!
sin!

!
"#

$
%&
2

Z ' fx !( )() *+ (1.33)

-E = <inO=y
2set =>

g
: in

-
2

8 (0) : Zue. * [z - 2x(0)]4in20

2-0
↳
Amplitude of scattered ware e unit distance
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Scattered intensity
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• Scattered intensity at unit distance: I !( ) = f !( ) 2

• For large scattering angles: fx
!q( )! 0 I !( )!!" 2 = f !( ) !!" 2

2
= 4m

2e4

h4q4
Z 2hence

(1.34)

(1.35)

A Mearue intercity

[ICO)=do or : Scattering cor-rectione

-

Rutherlord-like scattering
General scattering in Mott scattering
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Relative scattering strength
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• Applying “bandwidth” nature of 
Fourier transform:

!q!r ! 1

Scattering distribution id

mainly forward
5calte rol

Aq : range
of sca . angles over

which fig) ia large
Ar : range

of values over which i
d (1) in large

Atomic radius ~1A
=> Aq-If' O

A
1 : 0. 0677 = 001 20mral (i)



Duncan Alexander EPFL-IPHYS-LSME. Electron-matter interactions: Elastic scattering (I)

Summary

• Free e–

24

Introduction to e– scattering

! = exp 2" i
!
k .!r( )

!2! !r( )+ 4! 2k2! !r( ) = 0
n = 1+ !0

E0

!
"#

$
%&

f !q( ) = 2me
2

h2q2
Z ! fx

!q( )!" #$

• Uniform potential • Scattering by atomic potential

!
k = 1

! k = me(Eo +0) Mott formula
4
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